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§1. Introduction 



One of the prominent issues of the quantum chromo-dynamics is the strong CP problem. ^ 
The gauge principle based on the gauge group SU 3 x SU 2 x JJ\ of the standard model or 
the minimal supersymmetric standard model (MSSM) 2 )~ 5 ) does not forbid the appearance 
of the gluon #-term that violates the invariance under the space inversion (P) and the time 
reversal (T): 

Ce = 9-£- 2 6^Gl v G a Xa . (1-1) 

The upper limit of 6 is severely constrained by some experiments. The present limit is 
\9\ < 1CT 10 . 6 ) The promising candidate for the solution to the problem is an (invisible) 
axion, 7 )' 8 ) which originates from the spontaneous breakdown of the Peccei-Quinn C/(1)pq 
symmetry. 9 ) For the axion to solve this problem, the U (1)pq symmetry must be an anomalous 
symmetry that suffers from the gauge anomaly of gluons. 

On the other hand, the recent progress of the superstring theories suggests that the 
various types of the superstring theories are connected in the more fundamental theory. If 
the theory really admits the chiral as well as the anti-chiral string theories, it might not 
be unreasonable to imagine that the original theory is the vectorlike theory. The chiral 
nature of each string theory seems to be realized through the spontaneous breakdown of 
the P-symmetry. If this is the case, the £7(1)pq symmetry, even if exists, may not suffer 
from the gauge anomalies. This gives the motivation to solve the strong CP problem in an 
alternative way without using the axion. So far, various attempts have been made for the 
spontaneous CP violation, 10 ) where the #-term is sufficiently suppressed but the sizable CP 
violating phases in the CKM matrix 11 ) are reserved. 

We have examined, in the series of publications, 12 )~ 14 ) the vectorlike model 15 ) that realizes 
the MSSM as the low-energy effective theory through the spontaneous breakdown of the P- 
C-T-invariance. In the recent publication, 14 ) we suggested that the model may solve the 
strong CP problem. In this paper, we will pursue the extensive analysis of this problem and 
clarify what is necessary to solve the problem. We omit the lepton sector, which is essentially 
irrelevant to the subject. 

§2. Setup of the model 

The model is based on the supersymmetric vectorlike theory with the gauge group SU 3 x 
SU 2 xUi x SU (1, 1), where the gauge group SU(1, 1) is a horizontal symmetry 16 )' 17 ) governing 
the generational structures of quarks and leptons. The basic hypothesis is that the model 
is invariant under the P, C, and T-transformations at the fundamental level. Therefore, 
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the original value of 9 is 6q = 0. The model realizes the MSSM through the spontaneous 
breakdown of 5C/(1,1). The nonvanishing vacuum expectation values (VEVs) that break 
SU (1,1) are shared by the some sets of the finite-dimensional nonunitary SU(1, 1) multiplets 
!?'s of a type 

W = {^-5,^-5+1,- •• ,il> S -i,M- (2-1) 

They are SU 3 x SU 2 x XJ\ singlet and their VEVs are assumed to be roughly on the order of 
M ~ 10 16 GeV to reproduce the successful MSSM 18 ) at the low-energy. Although we are not 
yet able to give the explicit form of their superpotential W [finite dim.], we make reasonable 
assumptions on their VEVs based on the intuitive considerations. 

The first assumption is that any of the multiplets ^'s takes its nonvanishing VEV at most 
at its single component (V'm) with some SU(1, 1) weight M. Under the U (1) H transformation 
that is a subgroup of £77(1, 1), ipM transforms as 

iPm -> e iM ^ip M . (2-2) 

The second assumption is that any quantity r related to the VEVs that has "total weight 
0", such as 

ro=w - m- • etc - (M) 



has a "natural phase" 



— = e iwp/q (24) 



with some set of integers p and q, since W [finite dim.] does not contain any explicitly complex 
number. 

The superpotential for the quark sector of the model is 

Wquark = ( x QQaQ-a + xuUpU^p + x D D y D^)^ F 

+(x' Q Q a Q. a + x'uUpU.p + x' D D,D^' F . (2-5) 

The multiplet Q a , for example, carries the S77 3 x SU 2 x U\ quantum numbers of the quark 
doublet q and belongs to the infinite-dimensional unitary representation of £77(1, 1) with the 
positive lowest weight a, and Q- a is its conjugate: 

Qa = {q a ,q a +i, ■ • •}, Q- a = {q-a,q- a -i,---}- (2-6) 

The multiplets \P F and belong to the finite-dimensional nonunitary representations of 
577(1, 1) with the common highest weight S F (> 3). All coupling constants x's and x n s in 
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(2-5) are real numbers under the basic hypothesis of the P-C-T-invariance. The nonvanishing 
VEVs 

<*'> = <#»>> <^' F > = «> (2-7) 

in the superpotential (2-5) generate three generations of the chiral quarks q m , u m , and d m 
(m = 0, 1,2) that are embedded in the infinite number of the components of Q a , Up, and 
l) 7 , respectively, in the manner 

2 2 2 

q a+l = ^2 q m U q mi + {■■■}, up +l = ^ m U mi + [•••], d 1+i = ^ dmU^i + [•••], (2-8) 

m=0 m=0 m=0 

where [• • •] represents the superheavy massive modes. The mixing coefficient U^, for exam- 
ple, is derived by the requirement that g m 's disappear from the mass operators XQQ a Q- a (^ F ) + 

x' Q Q a Q-a(V' F }. This gives 14 ) 

oo 

U q mi = UlJ2^rn + 3r(-eJbl r (a), rn = 0,1,2, (2-9) 



r=0 



with 

x q m 

X Q (V>- 3 > ' 

The function 6^ r (o;) is a real function of the SU (1,1) Clebsch-Gordan (C-G) coefficients 
depending on the weights of the multiplets. We note that the mixing parameters e q , e u , 
and 6d are in general complex numbers, but they have a common phase. Under the U(1)h 
transformation, they transform as if they have a "weight 3". Since each component of Q a , 
Up, and D 1 transforms as 

q a+l ^ e l ^«q a+l , up +i - e^ +i ^up +i , d 1+i ^ jW» d 1+i , (2-11) 

Qm, u m , and d m (m = 0, 1, 2) transform under U(1)h as 

n — ► p i( y a + m )VH n jj __. J{l3+m)ip H - 1 i{y+m)ip H 1 (OAO\ 

Hm T c Hmt a m T c a mi u m T c u m- \^ LZj ) 

This means that the coefficients U^, U^, and U^ do not receive any transformation. We fix 
a phase convention of the chiral quarks so that U^, U^, and are real and positive. 

For the higgs sector, it has been shown that the model must have at least double structure 
for the down- type higgs doublet h'. 14 ^ In this paper, we assume that both of the up- type and 
the down-type higgses have the double structure, and introduce the SU(1, 1) multiplets H_ p , 
K~p~A (p = CK + /3, p + A > 0) for the up-type higgs doublet h, and H'_ a , K'_ a _ A , (a = a + 7, 
a + A' > 0) for the down-type higgs doublet hi , and all of their conjugates. A and A' are 
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restricted to be an integer (Type-I) or a half-integer (Type-II). The superpotential for the 
higgs sector is 



W higgs = HHV + KK<P + KHX + HKQ 

+H > HW + K'K'tf + K'H'X' + H'K'Q 1 , (2-13) 

where all real coupling constants have been absorbed into the finite-dimensional nonunitary 
multiplets \P ~ Q' . To preserve the vectorlike nature of the model, X and Q, and also X' 
and Q' must be assigned to the common SU(1, 1) representations. It has been shown 14 ) that 
there are 4x4 cases for the pattern of the VEVs ~ [Q') that realize just one set of 
chiral h and h' in H, K and H', K' in the manner 

h- p - i = hU i + [•••], k- p - A -i = hVi + [•••], (2-14) 
h'„ a _ t = h'U[ + [•••], k'_ a _ A ,_ i = h'V! +[•••]. (2-15) 

The mixing coefficients C/j, V^, [/■, and V? have a general form 

I/, = U e%(p), Vi = -r.ARi^Ui, (2-16) 
U< = U^'%(a) : VI = -r'_ AI R>(a)Ui (2-17) 

where bi(p), b'^a), Ri(p), and -R-(cr) are the real functions of the C-G coefficients, e and e' 
have a weight —1, and r_^\ and r'_ A , have a weight —A and —/A', respectively. For example, 
a set of VEVs 

(*) = {ij>i), (^) = (0o), W = (fl) = (2-18) 

<#'> = W, <^> = W, = W = (2T9) 

gives 

(xa)(v-a) , MMti r tzA r > Ml room 

OM(0o> ' 6 - {x'a>)H-a'Y A ~ <*>> ' ^'"(X^)' 1 j 

Notice that /i and ft/ transform under the U(1)h transformation as 

h^e'^h, ti^e- ia(pH ti, (2-21) 

and Uq and U' Q do not receive any transformation. For the phase convention of h and h', we 
take Uq and Uq to be real and positive. 

To reproduce the MSSM in the low-energy, we need the additional sector that generates 
the //-term phhl . It should be noticed that the coupling of the form HH'fy is forbidden by 
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the SU(1, 1) symmetry, since both H and H' have negative weights. This fact explains why 
fj, does not take a huge mass scale M ~ 10 16 GeV. Since the order of /i should be the super- 
symmetry breaking scale msusY — 10 2 ~ 3 GeV, what we have to do in the supersymmetric 
limit is to generate the effective superpotential that is sensitive to the supersymmetry 
breaking. This means that contains the massless particles. The simplest procedure for 
this sector is to introduce the superpotential that contains the SU3 x SU 2 x U\ singlets 
R( P +a)/2, R{ p+f7 )/ 2 +v S p+°' and their conjugates: 

W M = (RR' + R'R)V M + SSV S + y^HH'S + SB'S) + y 2 (RRS + RRS) , (2-22) 

where the coupling constants y±, y 2 — 0(1) are real numbers. Notice that the superpotentials 
(2-13) and (2-22) respect the Peccei-Quinn C/(1)pq symmetry with the charges given by 





H K H' K' R R' S 




Qpq 


-1 -1-1-1112 






(2-23) 



All finite-dimensional multiplets ^'s are assigned to be Qpq = 0. Thus, each of the conju- 
gate multiplets has opposite Qpq charge to that of the corresponding multiplets in (2-23). 
This means that the C/(1)pq symmetry is a vector symmetry, which is free from any gauge 
anomalies in the framework of the vectorlike gauge theory. Through the VEV (ip^f) in (2-22), 
the first component r of R and f of R become massless. The VEV (ipfi) gives huge masses 
to all components of S and S. Notice that only the first component s of S couples to rr 
and the first component s of S couples to ff and hh! . Therefore, the relevant part of the 
superpotential is 

W M = M s ss + yiU Q U' hh's + y 2 (rrs + ffs), (2-24) 

where 

M s = Di(^), yi=yiC^ , y 2 = y 2 C* , (2-25) 

with the real and positive C-G coefficients Dq , C^ , and Cq . The integration of the super- 
heavy s and s leads to the effective superpotential 

Wii = -Jf rr (yi U ° U o hh> + y^r)- (2-26) 

Now, let us make the phenomenologically desirable requirements on the characteristics 
of the supersymmetry breaking. We assume that the supersymmetry breaking occurs in 
the hidden sector that is singlet under SU3 x SU 2 x JJ\ x SU(1, 1), and does not give the 
CP-violating phases to the observable sector that consists of F's, F's, !^'s, and the relevant 
gauge multiplets. Thus, the gauginos have real masses at the energy scale E ~ 10 16 GeV. 
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For the Kahler potential, we assume the form 

K = E m*> <) ( FtF + i " tp ) + E ^(*> <)^' s > ^ f ' s ) + m*, <) ( 2 - 27 ) 

F A 

up to gauge couplings, where fp, gA, and ku are real functions of the hidden sector fields 
Zi. Even if we assume (2-27), we must take into account the tree diagrams connected by the 
superheavy particles. For example, the superheavy Q inevitably induces the term 

AK oc Q\x Q ^ + x' Q ^){x Q V F + x> Q V' F )Q, (2-28) 

because W F, s couple to Q and Q in the superpotential (2-5). The chiral modes g m 's, however, 
are realized so that they decouple from the VEVs of \P F, s. This means that g m 's disappear 
in (2-28) when g^'s in (2-28) are replaced by their VEVs. Therefore, as far as the chiral 
modes are concerned, the Kahler potential (2-27) will be appropriate. Thus, we expect 
that all chiral modes in the matter multiplets F's and F's have the generation-independent 
soft masses m F {— m F ) at E ~ 10 16 GeV. The Kahler potential (2-27) gives the further 
consequence on the A-terms. Since the hidden sector fields are SU(1, 1) singlets, A-terms 
should respect the SU (1,1) symmetry. Therefore, each of the A-terms must be exactly 
proportional, at E ~ 10 16 GeV, to the corresponding term in the superpotential. 

Under this setup, the supersymmetry breaking terms in the bosonic potential that contain 
r and f are given by 

V s . h .(r, f) = m 2 r (\r\ 2 + |rf ) - (^^rriy 1 A 1 U U^hti + y 2 A 2 ff) + h.c.) , (2-29) 

where m r ,m (— ^susy) are real and positive, and A±,A 2 (— 0(1)) are real values. Since r 
and f are the SU 3 x SU 2 x U\ singlets, their tree-level potential takes a form 

V(r,f) = A-^—\rf\ 2 (\r\ 2 + \f\ 2 ) + m 2 r (\r\ 2 + \f\ 2 ) - (y 2 A 2 ^rrff + h.c^j . (2-30) 

This potential has three local minima when \A 2 \ > 2v / 3m r /m . One is a trivial minimum 
at the origin. The other two minima are degenerate and sit on the circles specified by 



\j\A 2 \ + v^| 2 - 12(m r /m )^ 



rrf = ±rrje = — ■ ^m \M s \ = w , (2-31) 

2V3 \y 2 \ 



where 



r i 1 

N = 1 > l £ l = !> arg[ej = -arg 



A, 



(2-32) 



M a 

and rj is a unimodulus constant representing the spontaneous breakdown of the C/(1)pq 
symmetry. Its phase freedom represents the associated Nambu-Goldstone (N-G) boson. 
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When 1 > 4m r /mo, these minima become deeper than the origin. The VEVs (2-31) 
generate the //-term /j,hh' in (2-26) and the I?-term fiBhh' in (2-29) with the desirable 
magnitudes: 

2 

/i = -2Wo^fP> B = m A 1 , (2-33) 

where we have taken the phase convention r] — 1. Notice that B takes a real value. Expressing 
r and f as 

r = w + f, f — e*(w + f) (2-34) 

and substituting them for (2-26) and (2-29), we find that f and f have the mass terms on 
the order of msusY and the coupling fhh' is suppressed by the factor a/^susy / 'M ~ 10~ 7 . 
Thus, the effective theory below the energy scale V^susy^ is described by the MSSM and 
the almost decoupled neutral f and f. 

§3. Natural hierarchy of the Yukawa couplings 

Let us proceed to the Yukawa couplings of the higgses to the quarks. Owing to the weight 
constraint of the SU(1, 1) symmetry, the superpotential Wy that describes the Yukawa 
couplings takes the different form for the integer A, A' (Type-I) and for the half-integer A, 
A' (Type-II): 14 ) 

Type-I : W Y = VuUQH + y$UQK + y D DQH' + y^'DQK' + [mirror couplings], 

(3-1) 

Type-II : W Y = VuUQH + y D DQH' + [mirror couplings]. (3-2) 

Notice that these superpotentials also preserve the £7(1)pq symmetry with the charges 

Q U D . . 

(3-3) 



Qpq 



1/2 + 5 B 1/2 -6 B 1/2 -5 B ' 



in addition to (2-23), where 5 B represents a contamination of the baryon number charge. We 
note that both of the £7(1)pq symmetry and the baryon number U(1)b symmetry are free 
from gauge anomalies because they are vector symmetries. 

Substituting the expressions (2-8), (2-14), and (2-15) for Wy and extracting the massless 
modes, we obtain the effective superpotential for the Yukawa couplings of the higgses h, h' 
to the quarks q m , u m , d m (m = 0, 1, 2): 



2 



^Yukawa = ^ {vT^mQuh + V T Un?^') ■ (34) 



m,n=0 
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For the contraction of two SU2 indices, we adopt a convention qh = e^h? with S\i = 1, 
£21 = -1- 

The coupling matrix y™ n for the Type-I scheme is expressed as 

00 00 

vT = yu J2 c?fmLu q nj u i+J + y $ £ c?f(A)u^u« nj v i+j - A , (3-5) 

i,j=0 i,j=0 

where Cg a (0) and Cg a (Z\) are the real C-G coefficients satisfying the symmetry relation 14 ) 

C?f(A) = (-l) A Cjf(A). (3-6) 

The expression of the mixing coefficients (2-9) and (2-16) then gives 

vT = yuUlUlU e m+n Yr (3-7) 



with 



where 



\rmn Amn „ Tjmn Vu ,—A„ /q q\ 

Y u — A u - r v B u , r v - — e r_ A , (3-8) 

Vu 



A rnn = ^ { _^ )r (-e q e 3 ) s C^ n+3s (0)b u mr (/?)&«, (a)b m+n+3(r+s) (p) , (3-9) 

r,s=0 
oo 

r,s=0 

X& mr(/ 5 ) & L(«) & m+n+3(r+ S )-zi(p) J R m +n+3(r+ S )-zl(p), (3-10) 

and 9 m + n +3(r+s),A = 1 for m + n + 3(r + s) > A and for m + n + 3(r + s) < A. 
The coupling matrix y™ n takes a form 



with 



where 



yT = y D U d m U^ n U' e' m+n Yr (3-11) 



yrnn = _ ^ = ^-A' ^ (3.-^) 



^ = E (-^ ,3 ) r (-^ e ' 3 ) S ^n + 3 S (0)&l(7)&L(«)^ + n + 3(r +S )(^), (3-13) 



r,s=0 
00 



- E 0rn+n+3(r+ S )A'(-£d£' 3 ) r (-£q£ >3 ) S C2l+ 3r>n+3s (A') 
r,s=0 

xb L(l)Ks(®) b L+n + 3(r+s)-A'(v)Rrn+n+3(r+s)-A>(v)- (344) 



Notice that all of ru, ro, e«e 3 , e g e 3 , e^e' 3 , and e q e' 3 have a weight 0. 

The coupling matrices y™ n and y™ n for the Type-II scheme are obtained by simply setting 
ru = r D = in (3-8) and (3-12). 

The remarkable aspect of the model is that the coupling matrices y™ n and y™ n have the 
definite transformation property under the U(1)h transformation: 

yinn _^ e ~i(m+n)ip H ymn yinn _^ e -i(m+n)ip H y-mn (3T5) 

Although the Yukawa couplings (3-4) are only a subset of the SU(1, 1) invariant Yukawa 
couplings Wy given by (3-1) or (3-2), this transformation property supplemented by (2-12) 
and (2-21), assures (3-4) to be invariant under the U(1)h transformation. 

§4. Toy model analysis 

Before discussing the details of the CP problem of the model, we examine a toy model 
analysis that will give indispensable information for the later considerations. The toy model 
is based on the 577 3 x 577(1, 1) gauge group. 

The superpotential of the model is 

W = (x P P a P„ a + x Q QpQ-p)V F + x H H_ p H p {V + V') 

+y(P a QpH_ p + P_ a Q_pH p ) + ^[finite dim.]. (4-1) 

The multiplets P a and Q-p are the S77 3 triplets, and H_ p is the singlet: 

Pa = {Pa, Pa+1, ■ }, Q-p = {<?-/?, Q-/3-1, ■ }, H-p = {h- p , /l-p-l, • ' }, P = « + (3- (4-2) 

The multiplets P_ Q , Qp, and H p are the conjugate representations. The multiplets \P F , 
and \P' have the highest weights S F , S, and S'(— S), respectively. The coupling constants 
xp, xq, and y in (4-1) are real values. 

The superpotential (4-1) respects the global symmetry C/(1)pq with the charges given by 





Pa 


Q-p 


H- P 




Qpq 


1/2 


-1/2 


-1 






(4-3) 



in addition to the baryon number U(1)b symmetry. Both of the {7(1)pq and U(1)b sym- 
metries may not suffer from the S77 3 gauge anomaly because the model is purely vectorlike, 
which is anomaly-free at any scale. So, if superheavy modes decouple from the low-energy 
and the other modes generate the anomaly of the U(V)pq and U(1)b symmetries, then 
the anomaly matching condition 19 ) requires introducing the Wess-Zumino-Witten (WZW) 
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terms 20 -* in order to realize anomaly-free. However, in the following analysis, we deal with 
all modes including superheavy modes, so we need not consider the WZW terms. 
The nonvanishing VEV 

<^> = «,>, (44) 
in the superpotential (4-1) generates g generations of the chiral quarks 

Pm = Pa+m, Qm = (™ = 0, 1 , • • • , g - 1) . (4-5) 

Other components 

Pi+g=p a+ i +g , q I+g = qp + i +g , pi=p- a -i, qi = q-p-i (I = 0, 1, 2, • • • ) (4-6) 
become superheavy. The VEVs 

<*> = w, on = (ti>) (4-7) 

generate one chiral higgs h in H_ p in the form 

h_ p _i = Uih + [massive modes]. (4-8) 
The mixing coefficient Ui takes a form 

U^UAip), c=|^y, (4-9) 

where bi(p) is a real function of the C-G coefficients. 

The effective theory below the energy scale E ~ 10 16 GeV is described by the superpo- 
tential 

9-1 

W cS = yC^ n U m+n q mPn h, (4-10) 

m,n=0 

where C^ n is a real C-G coefficient. The supersymmetry breaking gives the breaking po- 
tential 

9-1 / 9-1 \ 

V s .b. = ^2{m 2 p \p m \ 2 + m 2 q \q m \ 2 ) + m 2 h \h\ 2 + I ^ Am yC^ n U m+n q m p n h + h.c. J . (4-11) 

m=0 \m,n=0 / 

The radiative corrections due to the Yukawa couplings pull down w? h to a negative value, 3 ) 
and h eventually acquires the nonvanishing VEV (h). This VEV brings the spontaneous 
breakdown of the {7(1)pq symmetry, and the N-G boson G° appears. 
Let us parametrize all VEVs in the form 

) = e -i9VH V F^ ^ = e i<PH V ^ ^ = V ^ (ty = e -w„ e -^P Q ^ ( 4 . 12 ) 
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where ipn represents the flat direction due to the £77(1, 1) symmetry, and (/?pq represents 
the C/(1)pq symmetry. Due to the SU(1, 1) gauge invariance, the total potential should be 
flat with respect to The spontaneous breakdown of the SU (1,1) symmetry will take 
some value of ipn, but any physically observable quantity should be independent of ipjj- 
To evaluate 9, let us write the tree level mass terms of the quarks: 

g—1 oo oo 



Y y C ^,n U m +nq m Pn(h) + Y x P Df ' p I+gPl {ip F g ) + Y X Q D ? qi+ 9 qi (^-g) 

m,n=0 1=0 1=0 

oo g—1 g—1 oo 

+ Y J2y C f+g,n U I+g+nQl+gPn(h) + J2Y yC ^+9 U ^+I+9QmPl+g{h) 
1=0 n=0 m=0 1=0 



oo oo 



+ Y Y y C f+g,K+gUl+K+2gqi+gPK+g(h) 
1=0 K=0 

= QM tree Q, 
where D p and are real C-G coefficients and 

Q = {q m \qi+g\P.j}, Q = {Pn\pK+g\qL}, 

(m, n = 0, 1, • • • , g - 1 ; 7, J,K,L = 0, 1, • 



(4-13) 



(444) 





( 


yCm,nUm+n(h) 


y Cm,K+gUm+K+g (h) 





\ 


Mtree = 


y C I+g,n U I+g+n(h) 


y C I+g,K+g U I+K+2g(h) 


x Q D?(i> F g )5 IL 




\ 





x P D P j^ F _ g )5 JK 
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(4-15) 

The diagonalization of this mass matrix will generate the ^-term (1-1) with 9 presented by 

= argdet[Mree]- (4-16) 

Since .Mtrec is an infinite-dimensional matrix, we do not have a reliable method for the 
calculation. So, in the following considerations, we take a heuristic approach based on the 
two alternative assumptions. 

Naive evaluation 

First, we simply write 

det[M tree ] = -det[yC^ n U m+n (h)] x det \(x P D p (ip F _ g )8 JK ) x (x Q D Q K (^ F _ g )5 KL ) 

= -det[yC^ n U m+n (h)} x det [x P x Q D^D^ g )(^ g )5 JK 

following a formula for a finite-dimensional matrix. Then, we have 



(4-17) 



9 = n + sxgdet[yC F U m+n (h)} + argdet x P x Q D P D Q 3 (^ V^ ^jk 



(4-18) 



12 



Substituting the expressions (4-9) and (4-12), we find 

argdet[y C^ n U m+n (h)] 

= 9(9 ~ + aig\V'/V]) - gpip H - gip PQ + g &rg[v] 

+ avgdet[yC^ n U b m+n (p)}, (4-19) 

argdet [x P x Q D P ^ F g )^ F _ g )5 JK 

= &Ygdetlx P x Q e- i29 ^(V F ) 2 5 JK ] + argdet ^D p D^S JK j . (4-20) 

Although the C-G coefficients D p and Dj have an alternating sign (— 1) J , the product 
DjD® is real and positive. So, the second term in (4-20) vanishes. Let us introduce a 
numerical constant c by 

a Tgdet[x P x Q e~ t2 ^ H (V F ) 2 5 JK ] = c (-2g<p H + 2arg[\/ F ] + arg[x P x Q ]) . (4-21) 

Formally, c is a divergent quantity since we have infinite numbers of the superheavy quarks: 

c=l + l + l + -- -. (4-22) 

However, we do not mind it. Summing up all terms in (4-18), we obtain 

= - 9 (g - 1 + p + 2c) <f H - g^Q + g{g - 1) arg[V'/V] + g arg[v] 

+c (2arg[V F ] + arg[x P x Q }) + argdet[yC^ n C/ fem + n(p)]- (4-23) 

Let us next consider the effect of the radiative corrections induced by the low-energy 
effective theory to the quark mass matrix A^tree- The wave function renormalization is 
irrelevant to #. 21 - ) This is because, when we perform the wave function renormalization, 
we must change the path integral measure, and both of the effects sum up to vanish in 
6. Therefore, what we must consider is a vertex correction to Ai tre e- Owing to the non- 
renormalization theorem, 22 ) the origin of the correction is limited to the supersymmetry 
breaking. This means that the corrections to the masses of the superheavy quarks are 
suppressed by tjisusy/M. Thus, the dominant effect is to the mass matrix Ai mn of the g 
generations of the chiral quarks. The quark and/or squark loops, however, do not give phases 
to M. mn since the loops contain the coupling matrix Y mn = C F n U m+n in the real form 

tr[yyty...ytyyt]. ( 4 . 2 4) 

The (s) quark line connecting the external quarks contains Y in the form 

(YY ] Y ■ ■ -Y ] Y) mn . (4-25) 
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This array of matrices preserves the phase structure U m+n of the single Y mn . The number 
of the VEV (h) attached to the diagram is larger than that of (h)* just by 1. Thus, the 
vertex correction does not disturb the phase structure of A4™£ e - The effect is limited to 
the modification of the last term in (4-23). These arguments also apply to the superheavy 
quark masses. The gluino mass is also real. Therefore, (4-23) holds even after the radiative 
corrections of the low-energy physics are fully included as long as the determinant in the 
last term does not change its sign. 

It is known that the SU3 instantons give the vacuum energy proportional to (1 — cosO). 1 ^ 
Therefore, the SU(1, 1) invariance requires the coefficient of ipn in (4-23) to vanish. Thus, 
we have, for the consistent value of c, 

■ y_J " (p = a + P). (4-26) 



2 2' 

The expression (4-23) gives further restriction on the value of c. Although we assume that 
the coupling constants xp and xq are real numbers, we always have a freedom to replace 
them by 

Xp ^ e?™p Xpi XQ _> e i2 ™Qx Q: (4-27) 

with integers rip and uq. Since we have no phase transition on the "path" of the extended 
model space x P = e t27rt \x P \ (0 < t < 1), this replacement should not shift the value of 9 up 
to modulus 27T. Thus, c must be an integer. Consequently, the expression (4-26) requires p 
to be an integer. When p is an odd integer, g must be an even integer and vice versa. 

These results seem to be inconsistent, because we are allowed to have arbitrary number 
(g) of the chiral quarks, and also allowed to assign the weights a and (5 to arbitrary positive 
values. Furthermore, this evaluation (4-17) gives the (p-pq dependence to 9. From (4-23), we 
find 

9 = —g^ppQ + [y9pQ-independent terms]. (4-28) 

This equation states that, once the SU(1, 1) symmetry is spontaneously broken and the 
chiral quarks are generated (g 7^ 0), the £7(1 )pq symmetry becomes an anomalous symmetry 
although it is originally a vector symmetry. If we accept this result, the N-G boson G° 
becomes an axion. 7 ) 

Alternative evaluation 

It is reasonable to suspect that the expression (4-17) is incorrect because .Mtree is an 
infinite-dimensional matrix. The (l,2)-entry, (2,l)-entry, and (2,2)-entry sub-matrices of 
.A/ftrcc will contribute to 6 by some amount and modify (4-23) so that the C/(1)pq symmetry 
is exactly maintained. The potentially complex quantities contained in these sub-matrices are 
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(h) and e in U m . From the expression (4-12), we find that the only candidate that eliminates 
the tp-pq dependence of 9 in (4-23) is the addition of the term — g arg[(/i)]. Because (h) always 
appears in .Mtrcc by the combination yUo(h), what we should add must be — g a,vg[yUo(h)]. 
The phase of e will also modify 9 by some amount. Since we have no way to determine 
the factor, we add gc'arg[e] with some unknown real number d that will depend on g. In 
principle, we may not rule out a possibility that some function of the product of (h), e, 
and (ift^g) that has zero total weight contributes to 9. Since (h) moves under the £7(1)pq 
transformation, it cannot join in this product, and the candidate is limited to the function 
of {ip F g )/t 9 . We omit this possibility because it seems to be implausible that det[.Mt re e] 
contains such a term since A^ tree is decomposable to the product of the three matrices 
.Mtrcc — ^( e )-S((^-)) (V ; - 9 ))^( e )- The omission of this term amounts to the assumption that 
the formula det[XF] = det[X] det[y] holds for infinite-dimensional matrices. We note that 
even if we incorporate this term, we will see in §5 that the phase of (i/j F g )/e 9 must be assigned 
to (mod.7r/4) and it does not give a serious problem to a discussion of 9. Therefore, under 
the above assumption, there is no other way than the addition of the first two terms to 
modify 9 to recover the ?7(1)pq symmetry. This leads to 

9 = n-g(g-l + c' + 2c) VH + g(g-l + c') aig[V'/V] 

+c (2arg[\/ F ] + axg[x P x Q ]) + argdet[C^„6 m+n (p)], (4-29) 

from which we find 



So, we have 

9 = vr + c (-2g^g[V'/V\ + 2arg[\/ F ] + arg^g]) + aigdet[C£ n & m +n(p)]- (4-31) 

Notice that the factor yU {h) in the (l,l)-entry sub-matrix of (4-15) is completely eliminated 
in this expression by the possible contributions from the (1,2), (2,1), and (2,2)-entry sub- 
matrices, which are related to the superheavy quarks. Also, V F , which represents the masses 
of the superheavy quarks, appears in (4-31) to cancel the weight of V'/V. These results show 
that the superheavy particles play a significant role in 9. They never decouple from 9. 

Although we do not have reliable methods of determining the value of c, it must be an 
integer depending on g. In this alternative evaluation, the N-G boson G° is not an axion. It 
should be an exactly massless pseudo-scalar particle. The result (4-31) does not impose any 
constraint on the number of the chiral quarks nor on the values of the weights. 
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c = 



g-l + c' 



(4-30) 



Coupling of (ip'o ) 

Let us finally add the coupling (x' P P a P_ a + x'qQpQ_p) ] 1 / ' f with the VEV (ip' F ) to the 
superpotential (4-1). Then, the tree level mass terms (4-13) are modified in the form QM.Q 
with 

Q = {qp+ilP-a-j}, Q = {p a +k\q-f3~i}, i,j,k,l = 0, 1,2,3, ••• , (4-32) 



M 



yC F U i+k (h) 



x P D^r_ q )5 ]+g , k + x' P D' p ^' F )5 h 



x Q D?(r- 9 }ki +9 + x' Q Di Q (% F )^ 







(4-33) 



We deform M. to M! by eliminating (i/j' f ) by using (i/j F g ) so that M and M! have the same 
determinant. The result is 

M' -- 



V E^=o(- e J r (- e p) S& ir(/ 3 ) fo fe S ( Q; ) C '^ g r,fe+ 5S C/ i+sr+fe+ gS (^) 


x Q D^{ip F g )S it i +g 


x P D P (ijj F g )8 j+gik 






(4-34) 

where 

/ / ^' / i /F\ D lP r ~ 1 f)lQ 

This matrix has almost the same structure as (4-15). When we perform the naive evaluation 
of 9, the difference is only the replacement of the mass matrix of the g generations of chiral 
quarks, except for the absence of the normalization factors U^(< 1) and U%(< 1) of the 
chiral quarks. Their absence is understandable because the elimination of (ip' F ) decreases 
the masses of the superheavy quarks but detLVf] must be unchanged. 

Let us evaluate 9 based on the expression (4-34). The naive evaluation gives 

#naivc = n-g(g-l + p + 2c)(f H - gtfPQ + 9(9 ~ !) arg[V'/V] + g arg[v] 
+c(2arg[V F ] + arg[x P a;Q]) 



+ arg det 



m+n+g(r+s) (P) 

r,s=0 



(4-36) 



To obtain the alternative evaluation of 9, we must examine the detailed structure of the 
(l,l)-entry matrix of (4-34): 

00 

r,s=0 
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= yU (h)e^ k (-^^)^-^) s 6? r (/3)C(«)C'f +9rifc+9 A +fc+s(r+s )(p). 

r,s=0 

(4-37) 

The elimination of the <^pq dependence from (4-36) is accomplished only by adding a term 
— g arg[yU (h)] as we did. Also, because e %+k is an overall factor, its possible effect is the 
addition of the term gc' arg[e]. The remaining matrix in (4-37) contains potentially complex 
extra quantities e q e 9 and e p e 9 . Since this matrix is symmetric under the interchange 

M,¥ 9 ) <"> (k,a,e p e 9 ) (4-38) 

owing to the symmetry relation (3-6) of the C-G coefficient Cf k , its possible effect to 9 should 
be through the term arg[/ /3,a (e g e 9 , e p e 3 )], where f@ ,a {x,y) = f a ^{y,x) is some real function 
of x and y. Thus, 9 should take the form 



g = n + c (- 2g arg [e] + 2 arg[(^ g >] + Mg[x P x Q }) + arg[f> a (e q e 9 , e p e 9 )} 



+ arg det 



^2 ( e v eg y( e P eg ybmrKsCm+gr,n+gsbm+n+g(r+s)(p) 
,r,s=0 



(4-39) 



One may doubt about the prescription adopted to eliminate (ip'ff)- The unterminated series 
of (ip' F ) may still contribute to 9 with a term proportional to arg[(-^Q F )]. However, the 
coefficient Co of arg[(-^Q F )] must be an integer, and the limit x' p ,x'q — > must reproduce 
c — > 0. Since we have no phase transition in this limit, we should have Co = 0. Notice that 
(4-39) precisely reproduces (4-31) in this limit. 

§5. Tree level analysis of the strong CP problem 

Now that we have obtained sufficient knowledge on what happens when the SU (1, 1) sym- 
metry is spontaneously broken, let us return to the main subject. The total superpotential 
of the model 

W = WV ark + W higgs + W M + W Y + ^[finite dim.] (5-1) 

respects the C/(1)pq symmetry. The supersymmetry breaking terms also respect this sym- 
metry. This symmetry is spontaneously broken at the energy scale V m susY^ by the VEVs 
of r and f. The VEVs of the higgses h and h' also break this symmetry at the scale mgusY- 
If we accept the naive evaluation (4-23), the C/(1)pq symmetry is now an anomalous symme- 
try because we have three generations of the chiral quarks. This means that the associated 
N-G boson G° is an invisible axiom 8 ) Therefore, G° will solve the strong CP problem in 
the present model. We do not, however, accept this solution, since it seems to lead to some 
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inconsistency observed in the previous section. We make a trial of solving the problem based 
on the alternative evaluation of 9 presented in (4-31) and (4-39). 

Let us evaluate the value of 9 in the model coming from the diagonalization of the quark 
mass matrices. Remember that the original value of 9 is 9q = 0. The relevant part of the 
superpotential for the subject is the mass operators of the quarks: 

W mass = W quark + W Y . (5-2) 

We introduce a notation 

Qa = ( ^ j , K = K, ul +1 , • • • }, Dl = K, dl +1 , ■■■}. (5-3) 

We examine the Type-II scheme (3-2) for Wy, which is simpler than the Type-I scheme. The 
up-type and down-type quark mass operators are expressed as 

^mass = (x Q U q a Ul a + XuUpU^)V F + (x' Q U«Ul a + J u U U-f l )V F 

+ yu (UpU«H 2 _ p + U^Ul a H 2 p ), (5-4) 
<ass = {xQD q a D q - a + x D D,D^)V F + {x' Q DlDl a + x' D D y D^)V' F 

-yniD.DlH'l, + D^D^H?), (5-5) 

with the VEVs 

<* F > = <^ 3 >> (O = «>, (Hl P ) = (h 2 - P - t ) = (h 2 )^, {H%) = = (h«)U<. (5-6) 

When we set xq = x\j = xd = 0, all quarks become superheavy, but when we set x'q = x' v = 
x' D = 0, we have three generations of the quarks. This means that there is a critical value 
e cr for the ratios 



_ x q «) _ x'u «> _ *p m ( , r] 

q XQii&y €u xui^y d x D (ii£ 3 y 

The critical ratio e cr is derived from the normalizable condition Wm i\ 2 < 00 (/ = 

q, u, d) for the mixing coefficients (2-8) of the chiral modes, which requires linij_ ) . 0O |[/;£ iH _ 3 1 / 1 J < 

I. This gives 13 ) 

S F(SF-l)(SF-2) 



(S F + 3){S F + 2){S F + 1) ' 
To generate the three generations of q m , u m , and d m , all ratios in (5-7) must satisfy 

Kl, \e u \, \e d \ < e cr . (5-9) 
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If we set x'q = x'u — x' D — 0, the mass operators (5-4) and (5-5) reduce to the duplication 
of the toy model (4-1). Since the coefficient c in (4-31) is an integer and it should be 
independent of the weights a, [3, and 7, it is sure that the up-type quarks and the down-type 
quarks take the common value. Thus, the diagonalization of the quark mass matrices will 
generate 9 tree of the amount 

°Le = c (-6 ar g[e] + 2 ar g[(^ F 3 )] + arg[xQXu] - 6 arg[e'] + 2 arg[(^ 3 ) + fxg[x Q x D ]]) 

+ axgdet[C^6 ro+n (p)] + argdet[Q% +n (<r)] (5-10) 

up to modulus 2n. 

When we turn on the couplings x'q, x' v , and x' D , all chiral quarks are realized as the 
superpositions of the infinite number of the components of each SU(1, 1) multiplet. Then, 
9® ree is modified by Xq^'q) , x^^'q), and x' d (iP'q). From the final result (4-39) of the toy 
model, we obtain # t rce, for the Type-II scheme, in the form 

#trcc = c (- arg[e 9 e 3 ] - arg[e g e' 3 ] - arg[e u e 3 ] - arg[e d e' 3 ] + 4arg[(^ F )] + axgfa:^]) 
+ &rg[f' a (e u e\e q e 3 )} + ^g[P' a (e d e' 3 ,e q e' 3 )} +argdet[^ n ] + argdetL4r]. 

(5-11) 

Let us next examine the Type-I scheme (3-1) for W Y . When we extend the toy model 
(4-1) so that it is applicable in this scheme, the matrix (4-37) is replaced by 

(00 
£(V)W)t»)Oo)W^)W 
r,s=0 

00 

~ r F ^2 Oi+k+g(r+s),A{~ e q e9 Y(~ e P e9 Y 
r,s=0 

X h lr{P)Ks{ a ) C i+9r,k+gs{ A )h+k+ 9 {r+s)-A{p)R^ ■ (542) 

Notice that the matrix in the parenthesis is symmetric under the interchange 

(i, (3, e q e\ r F ) <- (k, a, e p e\ (-1) A r F ) (5-13) 

Therefore, following the same consideration given at the end of the previous section, we 
obtain the expression of 9 tree for the Type-I scheme in the form 

#trcc = c (- arg[e g e 3 ] - arg[e g e' 3 ] - arg[e u e 3 ] - arg[e d e' 3 ] + 4 axg[{^)} + axgfx^]) 
+ arg[/^(e u e 3 , e q e 3 , r v )] + arg[P Q ( e ,e' 3 , e q e' 3 , r D )] 

+ arg det [Y™ n ] + arg det \Y™ n ] , (5-14) 
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where f^' a (x,y,z) is a real function of x, y, and z satisfying the relation 

f' a (x,y,z) = f^(y,x,(-l) A z). (5-15) 

The expression (5-14) covers both of the Type-I and Type-II (ru = ro = 0) schemes. 
Remember that c is some real integer, although we cannot determine its value. 

Now, we proceed to the main subject of the problem. We must search for a solution to 
suppress 9 trcc in (5-14) in a natural manner. What we should attain is 6 tree = (mod. ir). 
We note that the value 6 = it does not bring the strong CP problem. Let us first investigate 
(5-11) in detail for the Type-II scheme. From their expressions (3-9) and (3T3), we find 
remarkable facts. Although the matrices A^ n and A™ n consist of the infinite number of 
terms, each term contains a potentially complex quantity only by the factor (— e u e 3 ) r (— e q e 3 ) s 
or (— e ( ie /3 ) r (— e q e' 3 ) s . If these quantities were complex numbers, it will be hard to expect a 
miracle occurs so that det[A™ n ] and detL4™ n ] have the natural phases of realizing 9 trec = 0. 
That is, the phase assignments 

arg[e 9 e 3 ] = 0, arg[e u e 3 ] = 0, arg[e g e' 3 ] = 0, arg[e d e' 3 ] = (mod. vr) (5-16) 

are indispensable. Then, detL4™ n ] and det[A™ n ] are real. What is surprising is that these 
phase assignments ensure almost all terms except arg[(-?/>Q F )] in (5-11) to vanish up to modulus 
7r. Since e/s (/ = q,u,d) have the common phase up to n, the net conditions are 

arg[e 9 e 3 ] = 0, arg[e 9 e' 3 ] = (mod. vr). (5-17) 

The remaining subject is the phase of (V'cT)- The sufficient condition of eliminating this 
contribution is 

arg[(V>o F >] = (mod. tt/4). (5-18) 
Thus, the conditions (5-17) and (5-18) realize 

9 tree = (mod. vr). (5-19) 

Notice that the conditions (5-17) fix the relative phase of e and e' in the way 

arg[e/e'] = (mod. tt/3). (5-20) 

It will be evident that the integer 3 in the denominator of tt/3 in (5-20) is a consequence of 
the fact that we have three generations of the chiral quarks. 

Next, we investigate the Type-I scheme. It will be obvious that the conditions (5-17) and 
(5-18) are also indispensable for realizing = in a natural way. However, the situation 
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is somewhat complicated because this scheme contains the additional quantities ru and rjj. 
The expression of 9 tre e is now 



9 tree = argdetKH + argdet^"] 

+ ^g[f' a (e u e 3 ,e q e 3 ,r u )} + a ,ig[r' a (e d e' 3 ,e q e >3 ,r D )] (mod. tt), (5-21) 

with real e/e 3 and eje' 3 . Since we cannot expect a delicate cancellation between two nontrivial 
phases of the first two terms in (5-21), we are forced to require 

argdet[y„ mn ] = 0, argdet[Y7 n ] = (mod. tt). (5-22) 

The obvious candidate for meeting these requirements is 

Option-1 : arg[r(y] = 0, argfro] = (mod. it). (5-23) 

Then, the third and the fourth terms in (5-21) also vanish, and we have # t ree = (mod. tt). 
Another candidate, which is rather subtle, is 

TT TT 

Option-2 : arg[r[/] = — , arg[rc>] = — (mod. tt). (5-24) 
In this case, we need the additional conditions: 

a = (3 = 7 , X A = X JL = ^R^ A, A'= [odd integer]. (5-25) 

XQ Xu x d 

The first two conditions give 

b* mr ( a ) = b u mr ((3) = C(7), e q = e u = e d . (5-26) 

Then, the third condition implies that the matrices A™ n and A^ n are symmetric but B™ n 
and B™ 71 are anti-symmetric owing to the symmetry relation (3-6). Consequently, the phase 
assignment (5-24) realizes the hermitian matrices for FJ" n and F d mn whose determinants are 
real. What is unexpected is that the conditions (5-24) and (5-25) also render the third and 
the fourth terms in (5-21) to vanish separately. This is because the symmetry relation (5T5) 
implies, under the odd value of A, that the function f a ' a (e q e 3 , e q e 3 , ru) is pure real when ru 
is pure imaginary: 

n a (e q e 3 , e q e 3 , r v ) = f a ' a (e q e 3 , e q e 3 , -r v ) = /^(e.e 3 , e q e 3 , r v y . (5-27) 

Of course, we also have the mixed candidates. That is, the up-type quarks take the Option-1 
phase assignment and the down-type quarks take the Option-2 assignment and vice versa. 
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The universal quark assignment (5-25) for the Option-2 case seems to invoke the grand 
unified gauge group G D SU 3 x SU 2 x Ui 23 ^ 2 ^ When G = SU(5), it is not possible to 
satisfy all requirements in (5-25), and the case is limited to the mixed candidate. One may 
imagine that G = 5*0(10) easily fills (5-25) by simply assigning & F and \P' F to the common 
representation of SO (10). This assignment, however, generates the massless right-handed 
neutrinos. As far as we have examined, it seems to be hard to eliminate the right-handed 
neutrinos as an illusion 14 ) without disturbing (5-25). The possibility is open for G D Eq. 

It is worth noting that, when the up-type and the down- type quarks take the Type-II 
scheme and/or the Type-I scheme with the Option-1 phase assignment, the phases residing 
in the Yukawa coupling matrices (3-7) and (3-11) are only in e and e' . This means that the 
origin of the phases in the CKM matrix is solely the relative phase of e and e', which has 
been fixed by (5-20) to be 5 = arg[e/e'] = mr/3 with some integer n. Then, the CKM matrix 
is restricted to the form 

/ e 2iS \ 



VCKM = T u PO d , 



5 = mr/3, (5-28) 



e lS 
\ 1/ 

where O u and Od are the real orthogonal matrices, standing on the right when the "re- 
versed" (to, n = 2, 1,0) coupling matrices y™ n and y™ 71 with real and positive e and e' are 
diagonalized, respectively. 

§6. Consideration on the radiative corrections 

In the toy model analysis given in the §4, we found that 9 does not receive the radiative 
corrections of the low-energy physics. In the MSSM, we have two higgses h and h', each of 
which has its own Yukawa coupling matrix. Through the supersymmetry breaking terms, h* 
couples to the down-type quarks and h'* to the up-type quarks. At the one loop level, this is 
achieved by the squark-higgsino loop. As a result, the phase structures of the mass matrices 
Ai™ n and Ai™ n are disturbed. This seems to indicate that 9 will receive the uncontrollable 
radiative correction A9. 

We must, however, remember that the superheavy quarks do not decouple from 9. We 
found that the factor yll {h) in the tree level mass matrix of the chiral quarks was completely 
eliminated in the final expression of 9 presented in (4-39) by the contributions from masses 
of the superheavy quarks. In the present model, all entries of the mass matrix receive 
the nontrivial vertex corrections. This means that we must take into account all radiative 
corrections not only from the chiral particles but also from the superheavy particles. It is 
not unreasonable to expect that both effects of the radiative corrections exactly cancel each 
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other when 9 = is naturally realized at the tree level. 

Let us first consider the factors yu{h) appearing in the mass matrix Ai l t ree of the up- 
type quarks. Each of them receives a very complicated vertex correction and is modified 
to the order msusY quantity J y = yu(h) + c t: >yu{i)D) 2 (h')* + • • • . However, their C/(1)pq 
transformation property is simply determined, by that of the quarks multiplied to this mass 
matrix, to be X 1 - 7 — > e^ tipp ^X^ (a coefficient c* J is an appropriate function of the relevant 
VEVs that adjust the U(1)h and C/(1)pq charges). The exact C/(1)pq symmetry at the 
quantum level, therefore, requires that the contribution of X 1 - 7 to 9 must be canceled between 
the chiral and the superheavy quarks in the same way as we found at the tree level. The 
radiatively induced new mass operator UAiU q is suppressed to the negligibly small order 
Ai ~ ^susy(^susy/^0 2 and thus it does not disturb this cancellation though M. has 
Qpq = 1. Because the exact {7(1)pq symmetry owes its realization fully to the fact that 
the model is based on the framework of the vectorlike gauge theory, it will be reasonable to 
expect that the true origin of this cancellation is the vectorlike feature of the model rather 
than the exact U(1)pq symmetry. If this consideration is correct, the vertex corrections 
to the elements of MH ee that contain and (V'if) an d M- will be also canceled in 9. 

Therefore, the possible source of the modification to # tree = is the radiative effects to the 
relative phases of the VEVs of l^'s. If these phases at the tree-level are determined so that 
they depend continuously on the coupling constants of the model, there will be no reason 
to expect that these relative phases do not receive radiative corrections, and we will have 
sizable A9. However, when the VEVs (^)'s are determined through their superpotential 
W [finite-dim.] so that they have natural phases given in (2-4) and realize 9 tre e = 0, it seems 
to be probable that 6 tree = will not be affected by the radiative corrections as we will argue 
in the following. 

As an illustration, let us consider the A0 4 theory with negative mass-square. This theory 
has two degenerate vacua 

(0>1 = -(0>2^O. (6-1) 

Although the magnitude of vq receives the radiative correction, the relation (6-1) is protected 
by the symmetry <fi — > —0 of the theory. The directions of the vacua from the origin (0 = 0) 
are determined by the tree level analysis. In general, when a theory has some discrete 
symmetry D, and D is spontaneously broken, the degenerate vacua should take definite 
directions in the field-space of the theory specified by the symmetry of the theory. 

The present model has the P-C-T-invariance at the fundamental level, and all of these 
discrete symmetries are spontaneously broken by the VEVs of ^'s. We have realized 9 = 
at the tree level in the natural manner, at least for the Type-I scheme with Option- 1 phase 
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assignment and the Type-II scheme, which depends only on the directions (phases) of the 
VEVs and does not depend on the detailed values of the coupling constants of the model. 
Even in the Type-I scheme with Option-2 phase assignment, when the second relation in 
(5-25) is protected by the gauge symmetry of the grand unified theory, the realization 9 = 
is natural. Remember that 9 = is a minimum point of the vacuum energy. Suppose 
#tree = receives the radiative corrections. Then, there will be the direction of the VEVs 
that realizes 9 = in the vicinity of the original direction. However, this direction must 
depend on the coupling constants of the model to cancel the radiative corrections. It seems 
to be very unbelievable that the direction of the VEVs, which spontaneously realizes 9 = 0, 
depends on the coupling constants of the model. 

One may wonder why 9 trcc = that is realized in the models based on the spontaneous 
breakdown of the CP-invariance 10 -' receives the radiative corrections. The essential reason 
is that the gluon #-term (IT) breaks not only the CP-invariance but also the P-invariance. 
The ordinary models with the spontaneous CP-violation are based on the framework of the 
chiral theory, which explicitly breaks the P-invariance. Therefore, the emergence of 9 is 
not a genuine product of the spontaneous symmetry breaking. This means that, even if 
^tree = is achieved in these models, it is not protected against the radiative corrections by 
the symmetry of the model. 

In the present model, all of the P, C, and T symmetries are spontaneously broken. 
Especially, the spontaneous P breaking generates the chiral particles and the superheavy 
particles. This means that the original symmetry of the model manifests its characteristics 
only when all particles, chiral as well as superheavy, are taken into account. It is very hard to 
show explicitly how the radiative corrections due to the chiral and the superheavy particles 
cancel each other, because the model inevitably contains the infinite number of particles. 
In fact, the argument presented in this section does not verify the absence of the radiative 
correction to #tree = 0. However, it seems to be quite tempting and leads us to believe that 
the present model has a capability of giving 9 = to the full order of the quantum effects. 
We would like to leave the attempt on the rigorous proof to the future study. 

§7. Explicit U(1) F q breaking 

In the previous two sections, we have shown that the strong CP problem will be solvable 
within the natural phase assignment of the VEVs of the finite-dimensional multiplets iZ^'s. 
We remind that the model is invested with the exact £/(1) P q symmetry. This symmetry 
is spontaneously broken at the energy scale E ~ V^susy^- Thus, the model inevitably 
contains the exactly massless N-G boson G°, which will mediate a long-range force. One 
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may worry about this long-range force since G is shared not only with r and f but also with 
h and h! with a fraction of the order (h) / (r) ~ a/^susy/^- However, G° will not disturb 
the Newton's law of the gravitation, because G° is a pseudo-scalar particle. It does not give 
a sizable force between two massive objects. Furthermore, the couplings of G° to quarks and 
leptons are suppressed by the factor y/m S u SY / M — 10~ 7 , which will be sufficient to clear 
the present experimental limit. 6 ** 

The C/(1)pq symmetry has played an indispensable role in deriving the consistent pre- 
scription for treating the infinite-dimensional matrix. Nevertheless, we must doubt about 
this symmetry. This is an accidental symmetry, which happened to emerge in the process 
of the model building to realize the MSSM at the low-energy by retaining the indispensable 
couplings of the matter multiplets. It will be probable that there are some other couplings 
that explicitly break this symmetry even though they are allowed by the SU(1, 1) symmetry. 
Then, G° will acquire the mass ma- The magnitude of me should depend on how the U (1)pq 
symmetry is explicitly broken. To estimate the values of ma, we must identify the relevant 
couplings. 

We search for the candidates for the couplings. If we limit our considerations to the cubic 
couplings, the £77(1, 1) invariance gives a rigid restriction on the possible couplings. The 
couplings A v B\C-<; and A_ ri B_\C^ are allowed only when ( — rj — A is a nonnegative integer. 
Let us search for the candidate following the power of S p+a . The couplings £ 3 and RS 2 are 
trivially forbidden. The possible couplings that contain £ 2 or £ 2 are 

R'S 2 + R'S 2 with p + a<2/3. (7-1) 

The candidates containing single £ or £ are 

RR'S + RR'S 
HKS + HKS 
H'K'S + H'K'S 

The couplings that do not contain £ nor £ are 



HKR+HKR with A>(p + a)/2, (7-5) 

H'K'R + H'K'R with A'>(p + a)/2, (7-6) 

HH'R' + HH'R' with p + a = 2, (7-7) 

RRR' + RRR' with p + a = 2. (7-8) 



It will be obvious that, if the supersymmetry is exact, G° keeps its vanishing mass m G = 0, 
because we have no mass scale other than M ~ 10 16 GeV. This means that the sources that 



with p + a < 1, 
with A > p + a, 
with A' > p + a. 



(7-2) 
(7-3) 
(74) 
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give the nonvanishing mass to G° are classified into two types. One is the supersymmetry 
breaking mass scale mo(— ^susy) itself in the A-terms. Another one is through the VEVs 
induced by the supersymmetry breaking. The VEVs relevant to the latter are enumerated 

as 

(H 2 ) = (h 2 ^) = {h 2 )U h (K 2 ) = (k 2 _ p _ A _ t ) = (h 2 )V h (7-9) 
(H a ) = (CJ = (h a )Ui (K") = (k'l^) = (h"W, (7-10) 
(R) = K + a)/2) = (r), (R) = (r- {p+a)/2 ) = (f), (7-11) 

with 



(h 2 ) ~ (ti 1 ) ~ msusv, (r) ~ (r) ~ ^/m^^M. (742) 

We note that we must integrate out all of the superheavy particles before substituting these 
VEVs for the relevant operators. 

There are some points to be mentioned for the estimation of ma- First, G° resides 
dominantly in r and f with the fraction of the order 1. Second, h 2 and h' 1 contains G° 
with the fraction on the order of a/^susy/^- Thirdly, the A-terms corresponding to the 
couplings (7T)~(7-8) directly break the [/(1)pq symmetry. Finally, the supersymmetric 
F-term potential breaks this symmetry only in the cross terms with the different C/(1)pq 
charges. 

Let us give the results of the analysis of m G . The couplings (7-l)~(7-8) are classified 
into the three categories: 

1. p + a<l for any A, A', (7-13) 

2. p + a = 2 for any A, A', (7-14) 

3. l<p + a^2 and (p + <r)/2 < A, A'. (7-15) 

The dominant couplings for each category that give the largest mc are 

1. RR'S + RR'S, (7-16) 

2. RRR' + RRR', (7-17) 

3. H {,) K^R + H^K^R. (7-18) 

The category 1 couplings give 

*4~£<rV>^ = (%s). (7-19) 
The category 2 and 3 couplings give 

< ~ W 2 {hUr) = O faSjW. | . (7-20) 
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We must also consider the possibility that the C/(1)pq symmetry is broken in the couplings 
of the matter multiplets to the superheavy multiplets that we have been discarding. Even 
in this case, it is confirmed that the largest ma is limited by (7-20). 

These results show that G° acquires only a tiny mass even if the £7(1)pq symmetry is 
explicitly broken. Although the coupling of G° to quarks and leptons are suppressed by the 
factor a/ 'msusY / M , its effects may be detectable in the future experiments. 

§8. Conclusion 

First of all, we should state that our trial of solving the strong CP problem has not been 
completed not only due to the reason that we could not give the proof of the absence of the 
radiative corrections to 9 = but also due to the reason that we are not yet able to give the 
explicit form of W [finite dim.] for ^'s, which gives the desired VEVs through their equations 
of motions 

definite dim.] 

W* = °- (8 ' 1} 

The results of the present study bring much information on the structure of W [finite dim.]. 
The solution of (8-1) must realize all required VEVs satisfying the conditions (5- 17), (5-18), 
and (5-23) or (5-24). They clearly suggest that ^'s related to the quarks should have the 
specific couplings to ^'s related to the higgses. These results will give a valuable hint in 
the future study of determining the structure of W [finite dim.]. We may have a chance to 
understand why we have three generations of quarks and leptons in our universe. 

Second, the present model predicts, in the reasonable level of probability, the CKM 
matrix in the form presented in (5-28). Since we have not determined the matrices O u and 
Od, this form of the CKM matrix is not able to derive any information from the present 
experimental observations. However, when we finish the analysis of the mass hierarchies of 
the quarks and the leptons, we will be able to determine the phase structure of the CKM 
matrix. If the result reproduces the form (5-28), the present model will obtain a reliable 
experimental support. 

Thirdly, it should be stressed that the supersymmetry plays an indispensable role in 
realizing the chiral world in the low-energy physics from originally vectorlike theory through 
the spontaneous breakdown of the P-C-T-invariance by the VEVs of the "chiral !^'s" . If !^'s 
were merely the real scalar fields, their VEVs will not be able to realize the chiral world. In 
this context, it should be noted that the low-energy physics must be described by the MSSM. 
Although we simply introduced the superpotential (2-22) to induce the /z-term, we are not 
allowed to take the essentially different ways. The SU(1, 1) symmetry rejects, for example, 
the Next-to-MSSM 27 ) because the coupling S 3 is forbidden by this symmetry. Therefore, the 
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experimental verification of the MSSM is crucial for the present framework of the model. 

The related problem is on the form of the Kahler potential K. We assumed (2-27) for 
its form. Although this form seems to be plausible, it is sure that, if we perform the loop 
expansion for the quantum effects of the model, we will have the additional terms in K. 
Obviously, we should give a definite answer to the question why the MSSM requires so 
stringent degeneracy in the soft masses of the squarks and the sleptons to survive in the 
progress of the experimental study. One simple way of thinking is that the present model 
is the "effective theory" retaining only the indispensable matter multiplets to reproduce the 
MSSM at the low-energy, discarding other multiplets Z d , Z d , and \P d that the "full theory" 
contains. It may not be unreasonable to expect the quantum effects of the "full theory" 
preserve the form of the Kahler potential (2-27). There will, however, be another possibility. 
The SU(1, 1) gauge symmetry itself may play an essential role in this problem within the 
basic framework of the model as we observed a little bit in (2-28). This will be an exciting 
and challenging subject. 

Finally, we would like to discuss the value of c, which has been left undetermined. We 
presume 

c =-g(= -3). (8-2) 
Suppose all quarks are superheavy (g = 0) and we have some integer c = c(0): 

c(0 = O) = l + l + l + --- = c(O). (8-3) 

When we have g generations of chiral quarks, we will lose the first g terms of l's of this 
expression, and we will have 

c(g) = c(0)-g. (84) 

The most plausible value seems to be c(0) = 0. In this case, all superheavy quarks (when 
g — 0) decouple from 9. Remember that the superheavy quarks must not decouple only when 
we have chiral quarks. In fact, (8-2) is desirable for us because we need not mention anything 
on the superheavy colored multiplets with g — 0, which the "full theory" will contain. 

We examined the strong CP problem assuming the specific form of the superpotential for 
quarks and higgses. However, main ingredients of the result of this study will not be modified 
even if the chiral quarks and higgses are generated through more complicated superpotential 
as far as they are generated with the definite mixing parameters e/s with the weight 3, and 
e and e' with the weight — 1, which give the characteristic structure of the Yukawa coupling 
matrices. 
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